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Critical review of Murray’s theory for optimal branching in fluidic networks
R. Hagmeijer and C.H. Venner
University of Twente, Faculty of Engineering Technology, P.O. Box 217, 7500 AE Enschede,
The Netherlandsa)
Murray’s theory of constrained minimum-power branchings is critically reviewed in a generalised framework
for a range of cases: channels with arbitrary cross-section shape, laminar flows of Newtonian and non-
Newtonian fluids, and low and high Reynolds-number turbulent flows of Newtonian fluids. The theory states
that the sum of hydraulic and metabolic power is minimised if and only if all channels satisfy the same
relation between flow rate and effective radius. This relation leads to a generalised form of Murray’s law. It
is shown that, satisfying Murray’s law is a necessary requirement for power minimisation, but not a sufficient
requirement. The generalisation of Kamiya & Togawa’s law that holds for minimum-volume branchings, also
holds for minimum-power branchings. It is a necessary requirement but not a sufficient requirement for both
minimum-power and minimum-volume branchings. For symmetric branchings the two generalised laws of
Murray and Kamiya & Togawa become identical.
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I. BACKGROUND
During a lecture in 18091, Young discussed the resis-
tance of arterial networks. He considered a bifurcating
network with symmetric branches, with a ratio of the
parent channel radius and the daughter channel radii of
approximately 1.26. It is not clear what the background
of this rule was.
In a pioneering paper in 19262, Murray derived an ex-
pression for the radius of an artery such that the power
consumption of the artery is minimised for given flow
rate. The key idea is to consider not only the power
needed to maintain the flow, i.e., the product of pressure
drop and flow rate, but also to maintain the fluid, i.e.,
the metabolic cost of blood. Assuming Hagen-Poiseuille
flow of a Newtonian fluid in an artery of circular cross
section, Murray derived that the cube of the radius, R,
is proportional to the flow rate, Q:
R3/Q = constant. (1)
The constant is a fluid property which means that this
ratio has the same value for all tubes in the arterial net-
work. For Hagen-Poiseuille flow it additionally means
that the wall shear stress has the same value in all
arteries3.
In the same year, Murray4 considered an arterial bi-
furcation consisting of a parent channel (index ’0’) and
two daughter channels (indices ’1’ and ’2’). Employing
mass conservation and assuming incompressibility, i.e.,
Q0 = Q1 +Q2, (2)
he derived that when Eq.(1) is satisfied in all channels,
the radii of the tubes must satisfy
R30 = R
3
1 +R
3
2. (3)
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Murray’s analysis is considered the first explanation of
Young’s rule, since for symmetric bifurcating branchings,
Eq.(3) leads to a ratio of 21/3 ≈ 1.25992.
In 1981, Sherman5 referred to Eq.(3) as ’Murray’s law’,
which has been adopted by the scientific community since
then. Unfortunately, Sherman also stated that Eq.(1)
and Eq.(3) ’are alternative expressions of Murray’s law’.
Kamiya et al.6 pointed out that this is not true, since ’it
is evident that Ri and Qi (i = 0, 1, 2) satisfying Eq.(1)
always satisfy Eq.(3), while inversely, Ri and Qi satisfy-
ing Eq.(3), can not always satisfy Eq.(1)’. For example,
let
R31 =
1
3
R3o, R
3
2 =
2
3
R3o, Q1 =
2
3
Qo, Q2 =
1
3
Qo,
(4)
then Eq.(2) and Eq.(3) are both satisfied, but Eq.(1) is
not:
R3o/Qo 6= R31/Q1 6= R32/Q2. (5)
In other words, satisfying Murray’s law, Eq.(3), is a nec-
essary requirement for power minimisation, but not a
sufficient requirement. The misconception that Murray’s
law is a sufficient requirement has deeply entered into
the literature, see for example Rossitti7, Dawson et al.8,
Painter et al.9, Hughes10, and Stephenson & Lockerby11.
The objective of the present paper is to critically
review Murray’s theory of constrained minimum-power
branchings for fully developed flows in channels with ar-
bitrary cross-section shape: laminar flows of Newtonian
and non-Newtonian fluids, and low and high Reynolds-
number turbulent flows of Newtonian fluids. Power min-
imisation for three of these flows has been discussed
in the literature, but the low-Reynolds number turbu-
lent flow regime of a Newtonian fluid is new in this re-
spect. It is shown that power is minimised if and only if
all channels satisfy the same relation between flow rate
and effective radius. Satisfying the corresponding gen-
eralised Murray law is necessary for power minimisation
but not sufficient. Kamiya & Togawa’s law that holds for
2minimum-volume branchings12, also holds for minimum-
power branchings. We will show that satisfying the gen-
eralisation of this law is a necessary requirement but not
a sufficient requirement for both minimum-power and
minimum-volume branchings. For symmetric branchings
the two generalised laws of Murray and Kamiya & To-
gawa become identical.
II. FULLY DEVELOPED FLOWS
Four different cases of fully developed flow in channels
are considered:
(a) laminar flow of a Newtonian fluid,
(b) laminar flow of a non-Newtonian fluid,
(c) low Reynolds number turbulent flow of a Newto-
nian fluid, smooth channel,
(d) high Reynolds number turbulent flow of a Newto-
nian fluid.
The channel cross-section shapes are arbitrary except for
the fourth regime where we assume a circular cross sec-
tion. In all of these cases the pressure drop ∆p over the
channel, i.e., the difference between the pressure at the
entrance and the pressure at the exit, can be written in
terms of the Darcy-Weisbach formulation:
∆p = f
1
2
ρU2
L
2R
. (6)
In this expression, f is the friction factor, ρ is the mass
density, U is the cross-section averaged velocity, L is the
length of the channel, and R is the effective channel ra-
dius, defined as the radius of a circular channel with the
same cross-section area A:
R ≡
√
A
π
. (7)
By introducing the flow rate Q = UπR2 one gets
∆p = f
ρ
4π2
Q2
R5
L. (8)
For a Newtonian fluid with viscosity µ and a channel
with average wall roughness e, the friction factor f is a
function of two dimensionless parameters: the Reynolds
number,
Re ≡ 2ρUR
µ
=
2
π
ρQ
µR
, (9)
and the relative wall roughness
ǫ ≡ e
2R
. (10)
For a non-Newtonian fluid with the viscosity satisfying a
power law of the form
µ = µ′|γ˙|n−1, n ∈ R+, (11)
with γ˙ the shear rate and µ′ a constant, the friction factor
is a function of of three dimensionless parameters: the
non-dimensional group
Re′ ≡ ρU
2−n (2R)n
µ′
=
2n
π2−n
ρ
µ′
Q2−n
R4−3n
, (12)
the relative wall roughness ǫ, and the exponent n. When
n = 1 one recovers the constant viscosity model of a
Newtonian fluid, and Re′ reduces to Re. For fixed wall
roughness e, fixed viscosity coefficient µ or fixed µ′ and
n, one can write Eq.(8) as:
∆p = cQaR−bL. (13)
In this expression, a and b are positive constants which
depend on the flow regime, and c is a positive constant
that depends on the flow regime and on the the cross-
section shape of the channel. The values of a, b, and c are
derived in the next paragraphs for the flows considered,
and summarised in Table (I).
A. Laminar flow of Newtonian fluid
The fully developed laminar flow of a Newtonian fluid
in a branching of smooth channels (ǫ = 0) of arbitrary
cross-section was considered by Emerson et al.13. The
axial velocity w satisfies
∂2w
∂x2
+
∂2w
∂y2
=
1
µ
dp
dz
, (14)
where x and y are the cartesian coordinates in the cross-
sectional plane and z is the cartesian coordinate along the
channel. The differential equation shows that w ∼ 1µ dpdz .
For a given cross-section shape and effective radius R,
the resulting flow rate Q is a function of 1µ
dp
dz and R.
Dimension analysis leads to
Q ∼ 1
µ
dp
dz
R4 ⇒ dp
dz
∼ µQ
R4
, (15)
and therefore
a = 1, b = 4. (16)
Several examples belonging to this class of flows are
known. In case of a circular channel with Hagen-
Poiseuille flow, the flow rate is given by Lamb14,
Q = −π
8
1
µ
dp
dz
R4, (17)
such that
f =
64
Re
, c =
8µ
π
. (18)
For an elliptic channel with semi-axes h1 and h2, the
effective radius is R =
√
h1h2, and the flow rate is again
given by Lamb14:
Q = −π
4
h31h
3
2
h21 + h
2
2
1
µ
dp
dz
= −π
4
h1h2
h21 + h
2
2
1
µ
dp
dz
R4. (19)
3Flow regime a b c
laminar Newtonian 1 4 circular: 8µ
π
elliptic:
(
(h1/h2)
2+1
(h1/h2)
)
4µ
π
.
square: 16µ
0.562π2
≈
9.062µ
π
.
laminar non-Newtonian n 3n+ 1 circular: 2µ′
(
3n+1
nπ
)n
low-Re turbulent Newtonian 7
4
= 1.75 19
4
= 4.75 circular: 6.64× 10−2 pi−
7
4 µ
1
4 ρ
3
4
high-Re turbulent Newtonian 2 5 circular: ρ
4π2
{
−1.8 log10
(
ǫ
3.7
)}
−1
Table I: Summary of values of a, b, and c in Eq.(13) for the flows considered.
As a consequence,
f =
(
(h1/h2)
2
+ 1
(h1/h2)
)
32
Re
, c =
(
(h1/h2)
2
+ 1
(h1/h2)
)
4µ
π
.
(20)
Finally, for a square channel with sides 2h, the effective
radius is R = 2h√
pi
, and the flow rate is given by Cornish15:
Q = −4
5
h4
µ
dp
dz
(
1− 192
π5
∞∑
n=0
tanh
(
(2n+ 1)pi2
)
(2n+ 1)5
)
≈ −0.562h
4
µ
dp
dz
= −0.562π
2
16
1
µ
dp
dz
R4.
(21)
f ≈ 128
0.562πRe
≈ 72.50
Re
, c ≈ 16µ
0.562π2
≈ 9.062µ
π
. (22)
B. Laminar flow of non-Newtonian fluid
The fully developed laminar flow of a non-Newtonian
fluid in a branching of smooth channels (ǫ = 0) of ar-
bitrary cross-section was considered by Revellin et al.16
and by Tesch17. The axial velocity w satisfies
∂
∂x
(
µ
∂w
∂x
)
+
∂
∂y
(
µ
∂w
∂y
)
=
1
µ
dp
dz
, (23)
where x and y are the cartesian coordinates in the cross-
sectional plane, z is the cartesian coordinate along the
channel, and µ is given by Eq.(11). The shear rate is
defined as18:
γ˙ ≡
3∑
i=1
3∑
j=1
√
1
2
γijγij , γij ≡ ∂ui
∂xj
+
∂uj
∂xi
, (24)
which in the present case leads to
γ˙ =
√(
∂w
∂x
)2
+
(
∂w
∂y
)2
. (25)
The differential equation Eq.(23) and the power law
Eq.(11) show that wn ∼ 1µ dpdz . For a given cross-section
shape and effective radius R, the resulting flow rate Q is
a function of 1µ
dp
dz and R, and dimension analysis leads
to
Qn ∼ 1
µ′
dp
dz
R3n+1 ⇒ dp
dz
∼ µ
′Qn
R3n+1
, (26)
and therefore
a = n, b = 3n+ 1. (27)
In case of a circular channel the relation between flow
rate and pressure gradient is given by Bird et al.18:
Q =
nπR3
3n+ 1
(
−dp
dz
R
2µ′
)1/n
, (28)
and therefore
f = 2n+3
(
3n+ 1
n
)n
1
Re′
, c = 2µ′
(
3n+ 1
nπ
)n
. (29)
C. Low Reynolds number turbulent flow of Newtonian
fluid, smooth channel
When the flow is turbulent and the Reynolds number
is sufficiently low, Re < 105, then the friction factor for a
smooth channel, ǫ = 0, may be approximated by Blasius’
formula19,20:
f =
0.3164
Re
1
4
, (30)
and the coefficients in Eq.(13) for this flow regime become
a =
7
4
, b =
19
4
, c = 6.64× 10−2 π− 74 µ 14 ρ 34 . (31)
D. High Reynolds number turbulent flow of Newtonian
fluid
For sufficiently large Reynolds numbers, the friction
factor corresponding to fully developed turbulent flow in
a circular channel can quite accurately be described by
4Haaland’s formula21, which in the limit of high Reynolds
numbers becomes:
f =
{
−1.8 log10
( ǫ
3.7
)}−1
. (32)
The coefficients in Eq.(13) for this flow regime become
a = 2, b = 5, c =
ρ
4π2
{
−1.8 log10
( ǫ
3.7
)}−1
. (33)
III. GENERALISATION OF MURRAY’S THEORY FOR A
SINGLE CHANNEL
Murray’s conjecture2 is that, at fixed channel length
L and flow rate Q, the channel radius-dependent power
P (R) consists of two contributions: one to maintain the
flow rate against an adverse pressure gradient ∆p, and
one to maintain the fluid:
P (R) ≡ ∆pQ+ αV. (34)
In this expression, V is the channel volume,
V = πR2L, (35)
and α is a fluid maintenance constant representing the
cost per unit volume to maintain the fluid. Murray min-
imised the power with respect to R assuming Hagen-
Poiseuille flow and found that the optimal radius R∗ is
proportional to the cube root of the flow rate. Further-
more, the corresponding power required to maintain the
flow rate was found to be 12αV∗ with V∗ = πR
2
∗L. The
minimum power to maintain both the flow rate and the
fluid is P∗ =
3
2αV∗, which leads to the conclusion that
the ratio of the power required to maintain the flow rate
to the power required to maintain the fluid is 12 . Finally,
Uylings22 derived an expression for the ratio of the non-
optimised power and the power minimum:
P
P∗
=
1
3
(
R
R∗
)−4
+
2
3
(
R
R∗
)2
. (36)
All of these results obtained for Hagen-Poiseuille flow
can be generalised towards the generalised pressure-drop
flow-rate relation Eq.(13), for channels with the effective
radius defined in Eq.(7). The generalisation is given by
the following theorem.
Theorem 1 (minimum-power channel). The power
P (R) required to maintain a fully developed steady flow
at fixed flow rate Q in a channel of fixed length L with ef-
fective radius R, pressure drop ∆p = cQaR−bL and fluid
maintenance coefficient α, attains a global minimum if
and only if R = R∗ with
R
b+2
a+1
∗ ≡
(
bc
2πα
)1/(a+1)
Q. (37)
The global minimum of P is
P∗ =
(
b+ 2
b
)
αV∗, (38)
and the corresponding ratio of the two power contribu-
tions is (
∆pQ
αV
)
∗
=
2
b
. (39)
Finally, the ratio of the power P and its minimum value
P∗ is:
P
P∗
=
2
b+ 2
(
R
R∗
)−b
+
b
b+ 2
(
R
R∗
)2
. (40)
Proof. P is a function of R only and
dP
dR
=
(
−bcQ
a+1
Rb+2
+ 2απ
)
RL, (41)
which shows that dPdR = 0 if and only if Eq.(37) holds.
Furthermore
d2P
dR2
=
(
b (b+ 1)c
Qa+1
Rb+2
+ 2απ
)
L, (42)
which is positive for all R showing that the minimum is a
global minimum. The two expressions for the minimum
power and the power ratio follow immediately by sub-
stitution. Finally, when one divides P (R) by P∗ using
Eq.(38), and by using Eq.(37) to substitute
Qa+1 =
2απ
bc
Rb+2∗ , (43)
then Eq.(40) follows immediately.
The characteristic numbers appearing in Theorem 1 are
summarised in Table (II) for the flows considered.
IV. GENERALISATION OF MURRAY’S THEORY FOR A
BRANCHING
Following the single-channel result in the previous sec-
tion, we now consider a branching consisting of a parent
channel connected to N daughter channels in a branching
point x, see Fig. (1). The channels are numbered from 0
to N , with 0 indicating the parent channel. The effective
radii of the channels are R ≡ (R0, R1, ..., RN ), the fixed
termination points of the channels are xi, i = 0, 1, ..., N ,
and the fixed flow rates in the daughter channels are Qi,
i = 1, ..., N . Furthermore, Qo is taken positive towards
the branching point, whereas the other flow rates are
taken positive away from the branching point. To satisfy
mass conservation, the flow rates satisfy:
Qo =
N∑
i=1
Qi. (44)
5Flow regime a b b+2
a+1
b+2
b
2
b
2
b+2
b
b+2
laminar Newtonian 1 4 3 3
2
1
2
1
3
2
3
laminar non-Newtonian n 3n+ 1 3 3n+3
3n+1
2
3n+1
2
3n+3
3n+1
3n+3
low-Re turbulent Newtonian 7
4
19
4
27
11
≈ 2.45 27
19
8
19
8
27
19
27
high-Re turbulent Newtonian 2 5 7
3
≈ 2.33 7
5
2
5
2
7
5
7
Table II: Summary of characteristic numbers for the flows considered.
Finally, the lengths of the channels, Li, are functions of
the branching location:
Li ≡ |xi − x|, i = 0, 1, ..., N. (45)
Figure 1: Branching with parent channel and N daughter
channels
A. Minimised-power branching
The power P (R,x) needed to maintain the flow rate
and the fluid in the channel depends on the radii and
lengths of the channels, and is the sum of the individual
channel contributions given by Eq.(34):
P (R,x) ≡
N∑
i=0
{∆pQ+ αV }i , (46)
Assuming Hagen-Poiseuille flow in cylindrical channels,
Murray4 derived for such a branching that, based on mass
conservation and assuming optimised channels such that
the radii are proportional to the cube roots of the flow
rates, the sum of the cubes of the daughter radii must
be equal to the cube of the parent radius. In the liter-
ature this relation is referred to as ’Murray’s law’. Fur-
thermore, Murray was able to derive expressions for the
cosines of the angles between the channels in the bifurca-
tion case (N = 2), pre-assuming that all channels lie in
a plane. The following theorem generalises these results.
Theorem 2 (minimum-power branching). The power
P (R,x) required to maintain fully developed steady flows
at fixed flow rates Qi in the branching channels of fixed
lengths Li with effective radii Ri, pressure drops ∆pi =
cQaiR
−b
i Li and fluid maintenance coefficient α, attains a
global minimum if and only if Ri = Ri,∗ with
R
b+2
a+1
i,∗ ≡
(
bc
2πα
)1/(a+1)
Qi, i = 0, 1, ..., N, (47)
and x = x∗ with
N∑
i=0
R2i,∗ei,∗ = 0, ei,∗ ≡ (∇Li)∗ =
x∗ − xi
|x∗ − xi| . (48)
The global minimum of P is
P∗ =
(
b+ 2
b
)
α
N∑
i=0
Vi,∗, (49)
and the corresponding ratio of the two power contribu-
tions is (∑N
i=0 ∆piQi∑N
i=0 αVi
)
∗
=
2
b
. (50)
Finally, the following relation holds:
R
b+2
a+1
o,∗

R b+2a+1o,∗
Qo


m
=
N∑
i=1
R
b+2
a+1
i,∗

R
b+2
a+1
i,∗
Qi


m
, ∀m ∈ R.
(51)
Proof. Differentiation of P with respect to Ri gives
∂P
∂Ri
=
(
−bcQ
a+1
i
Rb+2i
+ 2απ
)
RiLi, (52)
which shows that ∂P∂Ri = 0 if and only if Eq.(47) holds.
6Furthermore, the gradient of P with respect to the
branching point x is:
∇xP =
(
c
Qa+1i
Rbi
+ απR2i
)
∇Li. (53)
Because L2i = |x− xi|2 = (x− xi) · (x− xi) we have
2Li∇Li =∇L
2
i = 2 (x− xi) , (54)
and therefore
∇Li = ei ≡ x− xi|x− xi| . (55)
By using Eq.(47) to eliminate Q from Eq.(53), one ob-
tains that ∇xP = 0 if and only if
b+ 2
b
απ
N∑
i=0
R2i,∗ei,∗ = 0. (56)
Since b > 0 and α > 0, this immediately implies Eq.(48).
Eq.(49) can be found by substitution of Ri,∗ and x∗
into the expression for P (R,x).
To show that the power minimum P∗ is indeed a global
minimum we write P as a sum over the individual channel
contributions (see Eq.(46), Eq.(40) and Eq.(49)):
P =
N∑
i=0
Pi =
N∑
i=0
Pi
Pi,∗
Pi,∗
=
N∑
i=0
{
2
b+ 2
(
Ri
Ri,∗
)−b
+
b
b+ 2
(
Ri
Ri,∗
)2}
i
×
(
b + 2
b
)
απR2i,∗Li,
(57)
It should be noted that Pi,∗ in this expression denotes
the minimum power of channel i for given length Li, i.e.,
it has only be optimised with respect to Ri. The terms in
between brackets in Eq.(57) are either larger than one, or
equal to one if and only if Ri/Ri,∗ = 1. This can be seen
from considering the function f(x) ≡ 2b+2x−b+ bb+2x2 for
x > 0 which has global minimum f(1) = 1 since f ′(1) = 0
and f ′′(x) > 0. Therefore
P (R,x) ≥
(
b+ 2
b
)
απ
N∑
i=0
R2i,∗Li, (58)
with equality if and only if RiRi,∗ = 1 for all i. It remains to
be shown that the sum in Eq.(58) has a global minimum
when the branching point x satisfies Eq.(48). We write
the branching point as a perturbation of the optimum:
x = x∗ + sr, s ∈ R, r ∈ R3, |r| = 1. (59)
A Taylor series expansion shows that
N∑
i=0
R2i,∗Li =
(
N∑
i=0
R2i,∗Li
)
s=0
+
(
d
ds
N∑
i=0
R2i,∗Li
)
s=0
s
+
∫ s
0
∫ t
0
(
d2
ds2
N∑
i=0
R2i,∗Li
)
s=u
du dt,
(60)
The first and second derivatives in this expression are,
respectively:
d
ds
N∑
i=0
R2i,∗Li =∇
(
N∑
i=0
R2i,∗Li
)
· dx
ds
=
(
N∑
i=0
R2i,∗ei
)
·r,
(61)
and
d2
ds2
N∑
i=0
R2i,∗Li =
N∑
i=0
R2i,∗
dei
ds
·r =
N∑
i=0
R2i,∗
Li
{
1− (ei · r)2
}
,
(62)
where we have used
dei
ds
=
1
Li
{
r − ei
(
∇Li · dx
ds
)}
=
1
Li
{r − ei (ei · r)} .
(63)
With these expressions, Eq.(60) can be written as
N∑
i=0
R2i,∗Li =
(
N∑
i=0
R2i,∗Li
)
s=0
+
(
N∑
i=0
R2i,∗ei,∗
)
· rs
+
∫ s
0
∫ t
0
(
N∑
i=0
R2i,∗
Li
{
1− (ei · r)2
})
s=u
du dt.
(64)
The second term on the right hand side is zero in view
of Eq.(48), and the third term on the right hand side
of Eq.(60) is non-negative since |ei| = 1, |r| = 1 and
therefore (ei · r)2 ≤ 1 with the inequality applying to at
least one of the channels. Hence
N∑
i=0
R2i,∗Li ≥
(
N∑
i=0
R2i,∗Li
)
s=0
, (65)
and therefore the power minimum is a global minimum.
Eq.(50) follows directly from substitution of Eq.(47)
into the expressions for ∆pi and Vi given by Eq.(13) and
Eq.(35), respectively.
Finally we prove Eq.(51) first by replacing the flow
rates Qi in the mass conservation law Eq.(44) by means
of Eq.(47):
R
b+2
a+1
o,∗ =
N∑
i=1
R
b+2
a+1
i,∗ , (66)
7and then by multiplying each term R
b+2
a+1
i,∗ by the fac-
tor
(
R
b+2
a+1
i,∗ /Qi
)m
, which is independent of i in view of
Eq.(47), for arbitrary values of m.
Remark 1. If Eq.(47) is satisfied, then all channels are
optimised in the sense that the powers corresponding to
the channels are minimised individually for fixed lengths
Li. In contrast, if Eq.(48) is satisfied, then the total vol-
ume of the branching is minimised for fixed radii Ri.
Corollary 1 (bifurcation topology). The optimal
branching point x∗ of a bifurcation, i.e., N = 2, lies
in the plane defined by xo, x1, x2, and the cosines of the
smallest angles between each pair of channels involved are
given by
eo · e1 = −R
4
o+R
4
1−R42
2R2oR
2
1
,
eo · e2 = −R
4
o−R41+R42
2R2oR
2
2
,
e1 · e2 = R
4
o−R41−R42
2R2
1
R2
2
.
(67)
Proof. Eq.(48) shows that the vectors ei, i = 0, 1, 2, are
linearly dependent, which means they lie in the same
plane and, as a consequence, the optimal branching point
x∗ lies in the plane defined by xo, x1, x2. Taking the
inner product of Eq.(48) with the vectors eo, e1, and
e2, respectively, leads to the following linear system of
equations:

R21 R
2
2 0
R2o 0 R
2
1
0 R2o R
2
1




eo · e1
eo · e2
e1 · e2

 = −


R2o
R21
R22

 , (68)
which has unique solution Eq.(67).
Remark 2. Eq.(47) implies Eq.(51), but Eq.(51) does
not imply Eq.(47). Instead, Eq.(51) implies
R
b+2
a+1
i,∗ ≡ CQi, i = 1, 2, ..., N, (69)
with the constant C undetermined, and therefore Eq.(51)
is not a weak formulation of Eq.(47).
B. Generalised Murray and Kamiya-Togawa laws
a. Murray’s law. For m = 0, and leaving out the
asterisks, Eq.(51) becomes
R
b+2
a+1
o =
N∑
i=1
R
b+2
a+1
i , (70)
which we will refer to as the generalised Murray law.
Eq.(70) defines a hyper-surface in the (N+1)-dimensional
space of radii Ri. In contrast, Eq.(47) defines a sin-
gle point on that hyper-surface. For that reason, both
equations are not equivalent: Eq.(70) is only a necessary
condition for power-minimisation, whereas Eq.(47) is a
sufficient condition for power-minimisation. In the spe-
cial case of a bifurcation, N = 2, and Eq.(70) reduces
to
R
b+2
a+1
o = R
b+2
a+1
1 +R
b+2
a+1
2 . (71)
For Hagen-Poiseuille flow this expression further reduces
to the original law Eq.(3):
R3o = R
3
1 +R
3
2.
b. Kamiya-Togawa’s law. For m = a, leaving out
the asterisks, Eq.(51) becomes
Rb+2o
Qao
=
N∑
i=1
Rb+2i
Qai
, (72)
which we will refer to as the generalised Kamiya-
Togawa law. Eq.(72) defines a hyper-surface in the
(N + 1)-dimensional space of radii Ri, and Eq.(47) de-
fines a single point of that hyper-surface. For N = 2,
Eq.(72) reduces to
Rb+2o
Qao
=
Rb+21
Qa1
+
Rb+22
Qa1
, (73)
and for Hagen-Poiseuille flow (a = 1, b = 4), this expres-
sion further reduces to
R6o
Qo
=
R61
Q1
+
R62
Q2
. (74)
This equation was derived by Kamiya & Togawa12 as
the result of volume minimisation for fixed flow rates
and fixed pressure drops between the branching-entrance
and exits. It is easy to show that Eq.(72) similarly fol-
lows from volume minimisation for the generalised case.
For fixed flow rates and fixed pressure drops between the
branching-entrance and exits, i.e.,
cQaoR
−b
o Lo + cQ
a
iR
−b
i Li = constant ∀i > 0, (75)
the radii Ri for i > 0 become functions of the radius
Ro and the branching point x. Differentiation of this
expression to Ro gives:
∂Ri
∂Ro
= −Lo
Li
(
Ro
Ri
)−(b+1)(
Qo
Qi
)a
. (76)
Minimisation of the total branching volume V =∑N
i=0 πR
2
iLi requires
∂V
∂Ro
= 0 which, together
with Eq.(76), leads to the generalised lawEq.(72).
Hence, Eq.(72) apparently is a consequence of power-
minimisation and a consequence of volume-minimisation.
It therefore represents a necessary condition for both
types of minimisation.
8c. Symmetry. Eq.(70), which is a necessary condi-
tion for power-minimisation, and Eq.(72), which is a
necessary condition for both volume-minimisation and
power-minimisation, are in general not equivalent since
they define two different hyper-surfaces. However, in the
special case of a symmetric branching,
Ri = R1, Qi = Q1, i = 2, 3, ..., N, (77)
Eq.(70) and Eq.(72) become
Ri
Ro
= N−
a+1
b+2 , and
Ri
Ro
= N−
1
b+2
(
Qo
Qi
)− a
b+2
, (78)
respectively, with i > 0. The ratio Qo/Qi is equal to N ,
and therefore both equations are identical. It is noted,
however, that the two corresponding branchings do not
need to be identical since Ro can still be different.
C. Wall shear stress
For Hagen-Poiseuille flow of a Newtonian fluid through
circular tubes, power minimisation of a branching leads
to uniform shear stress in all channels3. We will show
that this can be generalised towards laminar flows of
Newtonian and non-Newtonian fluids through channels
of arbitrary cross-section, but not to turbulent flows.
The wall shear stress τ for fully developed flow through
a channel with arbitrary cross section can be computed
from a force balance:
∆pA = L
∮
τds, (79)
where the closed curve integral indicates integration over
the intersection between the channel wall and a perpen-
dicular cross-plane. The average shear stress is defined
as
〈τ〉 ≡ 1
ℓ
∮
τds, ℓ ≡
∮
ds, (80)
where ℓ is the perimeter. Hence, using Eq.(7) and
Eq.(13), one gets
〈τ〉 = πcQaR2−b/ℓ. (81)
For a fixed cross-section shape, the perimeter is linear
in the effective radius, ℓ ∼ R, and therefore the average
shear stress is uniform when
R
b−1
a /Q = constant. (82)
For power minimisation it is required that Eq.(47) holds,
so both requirements are satisfied if
b− 1
a
=
b+ 2
a+ 1
, (83)
or, equivalently,
b = 3a+ 1. (84)
This requirement is satisfied for the laminar flows men-
tioned in Table (I), but not for the turbulent flows. In
Table (III) the values of b−1a are compared to the values
of b+2a+1 appearing in the generalised Murray law Eq.(70).
Flow regime a b b+2
a+1
b−1
a
laminar Newtonian 1 4 3 3
laminar non-Newtonian n 3n+ 1 3 3
low-Re turbulent Newtonian 7
4
19
4
27
11
≈ 2.45 15
7
≈ 2.14
high-Re turbulent Newtonian 2 5 7
3
≈ 2.33 2
Table III: Summary of powers appearing in Eq.(83) for the
flows considered.
V. CONCLUSIONS
Murray’s theory of minimum-power branchings was de-
rived almost a century ago for channels with circular
cross-section shape and Hagen-Poiseuille flow of a New-
tonian fluid. It can be extended towards a range of other
fully developed flows including channels with arbitrary
cross-section shape, low and high Reynolds-number tur-
bulent flows of Newtonian fluids, and laminar flows of
non-Newtonian fluids. Minimisation of power is equiva-
lent to the radii and flow rates of the branching channels
satisfying the same law:
minimum power (fixed Qj, j = 1, 2, ...)
⇔
Rni /Qi = constant i = 0, 1, 2, ...,
(85)
where n = (b + 2)/(a + 1), with a and b dependent on
the flow regime at hand. Taking into account mass con-
servation, i.e.,
∑N
i=0Qi = Qo, leads to a generalisation
of Murray’s law:
minimum power (fixed Qj, j = 1, 2, ...)
⇒
Rno =
N∑
i=1
Rni .
(86)
It is emphasised that the first statement, Eq.(85), ex-
presses an equivalence, and that the second statement,
Eq.(86), expresses a consequence. In other words, satis-
fying Murray’s law is a necessary requirement for power
minimisation, but not a sufficient requirement for power
minimisation,
Kamiya & Togawa’s theory of minimum-volume
branchings can also be extended to the flows mentioned
9above:
minimum volume (fixed Qj ,∆poj, j = 1, 2, ...)
⇒
Rb+2o
Qao
=
N∑
i=1
Rb+2i
Qai
.
(87)
Minimum-power branchings also satisfy this generalised
law:
minimum power (fixed Qj, j = 1, 2, ...)
⇒
Rb+2o
Qao
=
N∑
i=1
Rb+2i
Qai
,
(88)
which reflects that Eq.(87) and Eq.(88) both represent
consequences and not equivalences.
For a symmetric branching, the two consequences
Eq.(86) and Eq.(87) become identical:
Ri
Ro
= N−1/n, i = 1, 2, ..., (89)
but the branchings can still be different because Ro can
be different.
Finally it has been shown that the requirements of
power minimisation on the one hand, and uniform
perimeter-averaged wall shear stress on the other, both
lead to the same Murray law in case of laminar flow of
Newtonian and non-Newtonian fluids, but to different
laws in case of turbulent flow.
VI. REFERENCES
REFERENCES
1Young T. 1809, I. The Croonian Lecture. On the functions of the
heart and arteries. Phil. Trans. R. Soc. Lond. 99, pp 1-31.
2Murray C.D. 1926, The physiological principle of minimum work.
I. The vascular system and the cost of blood volume. Proc. Natl.
Acad. Sci. USA 12.
3Zamir, M. 1977, Shear forces and blood vessel radii in the car-
diovascular system. J. Gen. Physiol. 78.
4Murray C.D. 1926, The physiological principle of minimum work
applied to the angle of branching of arteries. J. Gen. Physiol. 9.
5Sherman T.F. 1981, On Connecting Large Vessels to Small: The
Meaning of Murray’s Law. J. Gen. Physiol. 78.
6Kamiya A., Togawa T. and Yamamota A. 1974, Theoretical re-
lationship between the optimal models of the vascular tree. Bull.
Math. Biol. 36.
7Rossitti S. 1995, Energetic and spatial constraints of arterial net-
works Arq Neuropsiquiatr 53, pp. 333-341.
8Dawson C.A., Krenz G.S., Karau K.L., Haworth S.T., Hanger
C.C., Linehan j.H. 1999, Structure-function relationships in the
pulmonary arterial tree J. Appl. Physiol. 86, pp. 569-583.
9Painter P.R, Ede´n P. and Bengtsson H-U. 2006, Pulsatile blood
flow, shear force, energy dissipation and Murray’s Law Theoret-
ical Biology and Medical Modelling 3, pp. 1-10.
10Hughes A.D. 2015, Optimality, cost minimisation and the design
of arterial networks Artery Research 10, pp. 1-10.
11Stephenson D. and Lockerby D.A. 2016, A generalised optimisa-
tion principle for asymmetric branching in fluidic networks, Proc.
R. Soc. A 472, 20160452. (doi:10.1098/rspa.2016.0451))
12Kamiya A. and Togawa T. 1972, Optimal branching structure of
the vascular tree. Bull. Math. Biophys. 34.
13Emerson D.R., Cies´licki K., Gu X., Barber R.W. 2006
Biomimetic design of microfluidic manifolds based on
a generalised Murray’s law, Lab. Chip 6, pp. 447-454.
(doi:10.1039/b516975e)
14Lamb H., 1932, Hydrodynamics, 6-th edition, Cambridge Uni-
versity Press, ISBN 0-52145868-4.
15Cornish R.J., 1928, Flow in a pipe of rectangular cross-section
Proc. R. Soc. Lond. A 120 pp. 691-700
16Revellin R., Rousset F., Baud D., and Bonjour J., 2009, Exten-
sion of Murray’s law using a non-Newtonian model of blood flow
Theor. Biol. Med. Model.6, doi:10.1186/1742-4682-6-7
17Tesch K. 2010, On some extensions of Murray’s law. Task Q. 14,
pp. 227-235.
18Bird R.B., Stewart W.E. and Lightfoot E.N. 2001, Transport
phenomena, (Second ed.). John Wiley & Sons. ISBN 0-471-
41077-2.
19Blasius P.R.H. 1912, Das Aehnlichkeitsgesetz bei Reibungsvor-
gangen, Z. Vereines Deutsche Ingenieure S639, pp. 1-5
20Blasius P.R.H. 1913, Das Aehnlichkeitsgesetz bei Reibungsvor-
gangen in Flu¨ssigkeiten Forschungsheft 131, pp. 1-41
21Haaland S.E. 1983, Simple and Explicit Formulas for the Friction
Factor in Turbulent Pipe Flow ASME J. Fluids Eng. 105, pp.
89-90
22Uylings H.B.M. 1977, Optimisation of diameters and bifurcation
angles in lung and vascular tree structures. Bull. Math. Biol. 39,
509-520 (doi:10.1007/BF02461198)
